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◮ ❊❧❛st✐❝✐t② ♦❢ ❤♦✉s✐♥❣ s✉♣♣❧②✱ ✐♥❞✉str✐❛❧ ❝♦♠♣♦s✐t✐♦♥✱ ❡t❝✳
◮ ❆❣❡✱ ❧❛❜♦r s✉♣♣❧②✱ ❤♦✉s✐♥❣ ❞❡♠❛♥❞✱ ♦❝❝✉♣❛t✐♦♥✱ ❡t❝✳



❈♦♥tr✐❜✉t✐♦♥s ❛♥❞ ❙✉♠♠❛r② ♦❢ ❘❡s✉❧ts

◮ ❆♥❛❧②③❡ ❡✈♦❧✉t✐♦♥ ♦❢ ✇❛❣❡s✱ r❡♥ts✱ ❤♦✉s❡ ♣✬s ✶✾✹✵✕✷✵✶✵

◮ ❍♦✉s✐♥❣ ❝♦✈❛r✐❡s str♦♥❣❧② ✇✐t❤ ✇❛❣❡s ♦✈❡r ❛❧❧ ❤♦r✐③♦♥s
◮ ❑❡② r♦❧❡ ♦❢ ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝ ❝❤❛♥❣❡s

◮ ■❧❧✉♠✐♥❛t❡ ♣r✐♠❛r② ♠❡❝❤❛♥✐s♠s ❛♥❞ ❞❡r✐✈❡ ✐♠♣❧✐❝❛t✐♦♥s

◮ ▼❡❝❤✳✿ ▲♦❝❛t✐♦♥✲s♣❡❝✐✜❝ s❤♦❝❦s ✐♥ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠

→ ❙②st❡♠❛t✐❝ ❤❡t❡r♦❣✳ ✐♥ r✐s❦✐♥❡ss ♦❢ ♦✇♥✐♥❣ ✈s✳ r❡♥t✐♥❣

→ ▼❛② ✐♥❝r❡❛s❡ ❡✣❝✐❡♥❝② ❝♦sts ♦❢ ❤♦♠❡✲♦✇♥❡rs❤✐♣
s✉❜s✐❞✐❡s✱ ❜✉✐❧❞✐♥❣ r❡str✐❝t✐♦♥s



❲❤❛t t❤✐s ♣❛♣❡r ✐s ◆❖❚ ❛❜♦✉t

❚❤✐s ♣❛♣❡r ❞♦❡s ◆❖❚✳✳✳

◮ ✳✳✳❡①♣❧❛✐♥ ❤♦♠❡♦✇♥❡rs❤✐♣ ✭♣♦s✐t✐✈❡❧② ♦r ♥♦r♠❛t✐✈❡❧②✮
◮ ❲❡ ✐❣♥♦r❡ ♠❛♥② ✐♠♣♦rt❛♥t ❛s♣❡❝ts ♦❢ ♦✇♥❡rs❤✐♣ ❝❤♦✐❝❡✦
◮ ■♥st❡❛❞✱ ❢♦❝✉s ♦♥ ♣♦rt❢♦❧✐♦ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ❍❖ ❝❤♦✐❝❡✱

t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❧♦❝❛❧ ❧❛❜♦r ❛♥❞ ❤♦✉s✐♥❣ ♠❛r❦❡ts
◮ ❋♦❝✉s ✐s t❡♥✉r❡ ❝❤♦✐❝❡✬s ✐♠♣❛❝t ♦♥ ❜✉❞❣❡t ❝♦♥str❛✐♥t❀

♣r❡❢❡r❡♥❝❡s ♣❧❛② s❡❝♦♥❞❛r② r♦❧❡

◮ ✳✳✳✐❞❡♥t✐❢② s❤♦❝❦s
◮ ❲❡ ✐♥t❡r♣r❡t ❧♦♥❣✲r✉♥ ❝❤❛♥❣❡s ✐♥ ✭❤❡❞♦♥✐❝✮ ♣r✐❝❡s ❛s r✐s❦
◮ ▼♦st❧② ❢♦❝✉s ♦♥ ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝ r✐s❦
◮ ❍♦✉s❡❤♦❧❞s t❛❦❡ t❤❡s❡ ❧♦❝❛❧ ♣r✐❝❡s ❛s ❣✐✈❡♥



❖✉t❧✐♥❡

✶✳ ❚❤❡♦r②✿ ❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

✷✳ ❉❛t❛✿ ❲❛❣❡s✱ r❡♥ts✱ ✫ ❤♦✉s❡ ♣r✐❝❡s

✸✳ ❲❡❧❢❛r❡✿ ❈♦sts ♦❢ r✐s❦ ❡①♣♦s✉r❡s

✹✳ P♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s



❖✉t❧✐♥❡

✶✳ ❚❤❡♦r②✿ ❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

✷✳ ❉❛t❛✿ ❲❛❣❡s✱ r❡♥ts✱ ✫ ❤♦✉s❡ ♣r✐❝❡s

✸✳ ❲❡❧❢❛r❡✿ ❈♦sts ♦❢ r✐s❦ ❡①♣♦s✉r❡s

✹✳ P♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s



❍♦✉s✐♥❣ r✐s❦ ❡①♣♦s✉r❡s

◮ ❘❡♥t✐♥❣✱ ♦✇♥✐♥❣ ❝r❡❛t❡ ♠✐rr♦r✲✐♠❛❣❡ ❡①♣♦s✉r❡s

◮ ❘❡♥t❡r✿ s❤♦rt ❤♦✉s✐♥❣ ❞✉r✐♥❣ st❛②✱ ④−R✶✱ ✳ ✳ ✳−RT⑥

◮ ❖✇♥❡r✿ ❧♦♥❣ ❤♦✉s✐♥❣ ❛❢t❡r st❛②✱ PT

◮ ❈♦sts ❞❡♣❡♥❞ ♦♥ ❝♦rr❡❧❛t✐♦♥ ✇✐t❤ r❡st ♦❢ ♣♦rt❢♦❧✐♦

◮ ❈r✉❝✐❛❧ ❡❧❡♠❡♥t✿ ❍✉♠❛♥ ❝❛♣✐t❛❧ ✭✇❛❣❡ r✐s❦✮

◮ ❆ss✉♠❡ ❝♦st❧② t♦ tr❛❞❡ t❤❡s❡ ❡①♣♦s✉r❡s t♦ ✇❛❣❡ r✐s❦

→ ✐♥❝♦♠♣❧❡t❡ ♠❛r❦❡ts✿ ♥♦♥♠❛r❦❡t❡❞ ✐♥❝♦♠❡
→ ✐♠♣❧✐❝✐t ❤❡❞❣✐♥❣ ❞❡♠❛♥❞



❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

◮ ❙t❛rt ♦✛ ✇✐t❤ ✐♥t✉✐t✐♦♥ ✉s✐♥❣ st❛t✐❝ ♣♦rt❢♦❧✐♦ ❝❤♦✐❝❡

◮ ❘❡❝❡♥t ❧✐t❡r❛t✉r❡ ❝♦❧❧❛♣s❡s ✐♥t❡rt❡♠♣♦r❛❧ ♣♦rt❢♦❧✐♦ t♦
❝❤♦♦s✐♥❣ P❱s ✭❡✳❣✳ ❈♦❝❤r❛♥❡ ✷✵✶✹✮

◆♦t❛t✐♦♥✿∗

◮ P✵✿ ❤♦♠❡ ♣r✐❝❡ ✐♥ t❂✵ ✭❦♥♦✇♥✮

◮ P
pv

T ≡ PT/(✶+ r)T ✿ P❱ ❤♦♠❡ ♣r✐❝❡ ✐♥ t❂T ✭✉♥❝❡rt❛✐♥✮

◮ R ≡ PV ({Rt}) =
∑T

t=✶
Rt/(✶+ r)t ✿ P❱ ♦❢ r❡♥ts

◮ Y ≡ PV ({Yt})✿ P❱ ♦❢ ♦✉ts✐❞❡ ✐♥❝♦♠❡ ✭❤✉♠❛♥ ❝❛♣✐t❛❧✮

◮ C ≡ PV ({Ct})✿ P❱ ♦❢ ✭♥♦♥✲❤♦✉s✐♥❣✮ ❝♦♥s✉♠♣t✐♦♥

∗ ❲❡ ✇✐❧❧ ❛❝❝♦✉♥t ❢♦r ❤♦♠❡♦✇♥❡r✬s ❝❛rr②✐♥❣ ❝♦sts ✐♥ t❤❡ ❡♠♣✐r✐❝❛❧ ❛♥❛❧②s✐s✳



❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

◮ ❇✉❞❣❡t ❝♦♥str❛✐♥ts ♦❢ r❡♥t❡r✱ ♦✇♥❡r✱ ❛♥❞ ✏♣r❡✲♣❛②❡r✑✿

Crent = Y − R

Cown = Y + (Ppv

T − P✵)

Cprepay = Y − E (R)

◮ Pr❡✲♣❛②❡r ❤❡❧♣s t♦ s❡♣❛r❛t❡ ❤♦✉s✐♥❣ r✐s❦ ❡①♣♦s✉r❡s

◮ ❋✉❧❧② ❤❡❞❣❡❞ ❛❣❛✐♥st ❤♦✉s✐♥❣ r✐s❦ ✭❡❣✳ ❧✐❢❡t✐♠❡ ❧❡❛s❡✮

◮ ❈♦♥s✉♠♣t✐♦♥ r✐s❦ ✭❡✳❣✳✱ ♠❡❛♥✲✈❛r✐❛♥❝❡ ♣r❡❢❡r❡♥❝❡s✮✿

V (Cprepay ) = V (Y )

V (Crent) = V (Y )− ✷Cov(Y ,R) + V (R)

V (Cown) = V (Y ) + ✷Cov(Y ,Ppv

T ) + V (Ppv

T )



❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

◮ ❇✉❞❣❡t ❝♦♥str❛✐♥ts ♦❢ r❡♥t❡r✱ ♦✇♥❡r✱ ❛♥❞ ✏♣r❡✲♣❛②❡r✑✿

Crent = Y − R

Cown = Y + (Ppv

T − P✵)

Cprepay = Y − E (R)

◮ Pr❡✲♣❛②❡r ❤❡❧♣s t♦ s❡♣❛r❛t❡ ❤♦✉s✐♥❣ r✐s❦ ❡①♣♦s✉r❡s

◮ ❋✉❧❧② ❤❡❞❣❡❞ ❛❣❛✐♥st ❤♦✉s✐♥❣ r✐s❦ ✭❡❣✳ ❧✐❢❡t✐♠❡ ❧❡❛s❡✮

◮ ❈♦♥s✉♠♣t✐♦♥ r✐s❦ ✭❡✳❣✳✱ ♠❡❛♥✲✈❛r✐❛♥❝❡ ♣r❡❢❡r❡♥❝❡s✮✿

V (Cprepay ) = V (Y )

V (Crent) = V (Y )− ✷Cov(Y ,R) + V (R)

V (Cown) = V (Y ) + ✷Cov(Y ,Ppv

T ) + V (Ppv

T )



❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

V (Crent) = V (Y ) −✷Cov(Y ,R) + V (R)

V (Cown) = V (Y ) +✷Cov(Y ,Ppv

T ) + V (Ppv

T )

◮ ❈♦✈❛r✐❛♥❝❡ ❛♥❞ ✈❛r✐❛♥❝❡ ♦❢ ❤♦✉s✐♥❣ ❝♦st ✇✐t❤ ❤✉♠❛♥
❝❛♣✐t❛❧ ❛r❡ ❦❡②

◮ Cov(Y ,R), Cov(Y ,Ppv

T ) ❡♥t❡r ✇✐t❤ ♦♣♣♦s✐t❡ s✐❣♥s
◮ Cov(Y ,R) > ✵ ❣♦♦❞✱ s✐♥❝❡ r❡♥t❡r ✐s s❤♦rt ❤♦✉s✐♥❣
◮ Cov(Y ,Ppv

T ) > ✵ ❜❛❞✱ s✐♥❝❡ ♦✇♥❡r ✐s ❧♦♥❣ ❤♦✉s✐♥❣

◮ ❱❛r✐❛♥❝❡s ❛✛❡❝t❡❞ ✐♥ ♦♣♣♦s✐t❡ ✇❛②s ❜② ✐♥❝r❡❛s❡ ✐♥ ❤♦r✐③♦♥
◮ V (R) ✐♥❝r❡❛s✐♥❣✱ V (Ppv

T ) ❞❡❝r❡❛s✐♥❣ ✐♥ ❤♦r✐③♦♥
◮ V (P) ≫ V (R) ✐♥ ❞❛t❛ ✭✏❡①❝❡ss ✈♦❧❛t✐❧✐t②✑✮



❉♦♠✐♥❛♥t ❱✐❡✇✿ ❙✐♥❛✐ ❛♥❞ ❙♦✉❧❡❧❡s ✭✷✵✵✺✮

❙❙✬✵✺ ✭✏❖✇♥❡r✲❖❝❝✉♣✐❡❞ ❍♦✉s✐♥❣ ❛s ❛ ❍❡❞❣❡ ❛❣❛✐♥st ❘❡♥t
❘✐s❦✑✮ ❢♦❝✉s ♦♥ s♣❡❝✐❛❧ ❝❛s❡✿
Cov(Y ,R) = Cov(Y ,Ppv

T ) = ✵

V (Crent) = V (Y )− ✷Cov(Y ,R) + V (R)

V (Cown) = V (Y ) + ✷Cov(Y ,Ppv

T ) + V (Ppv

T )

⇒ V (Cown)− V (Crent) = V (Ppv

T )− V (R)

⇒ ❖✇♥✐♥❣ r✐s❦✐❡r ❢♦r s♠❛❧❧ T ✱ s❛❢❡r ❢♦r ❧❛r❣❡ T ✿
V (Cown) < V (Crent)



❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

V (Crent) = V (Y ) −✷Cov(Y ,R) + V (R)

V (Cown) = V (Y ) +✷Cov(Y ,Ppv

T ) + V (Ppv

T )

◮ ❲✐t❤ ♣♦s✐t✐✈❡ ❝♦✈❛r✐❛♥❝❡s✿

→ r❡♥t✐♥❣ ❤❡❞❣❡s ✐♥❝♦♠❡ r✐s❦
→ ♦✇♥✐♥❣ ❡①❛❝❡r❜❛t❡s ✐♥❝♦♠❡ r✐s❦

❘❡♥t❡r ❘❡♥t r✐s❦ ❝❛♥ ❡✈❡♥ r❡❞✉❝❡ ❝♦♥s✉♠♣t✐♦♥ r✐s❦ r❡❧❛t✐✈❡ t♦
❤❛✈✐♥❣ ♥♦ ❤♦✉s✐♥❣ r✐s❦ ❡①♣♦s✉r❡ ✭✐✳❡✳✱ ♣r❡♣❛②✐♥❣✮✿

V (Crent) < V (Cprepay ) ⇐⇒
σYR

σ✷

R

≡ βols
Y |R > ✶/✷

❖✇♥❡r ❍♦✉s✐♥❣ r✐s❦ ❡①♣♦s✉r❡ → ✵ ❛s T → ∞



■♥t✉✐t✐♦♥ ♦❢ Pr✐♠❛r② ❘❡s✉❧ts

◮ ❇✉②✐♥❣ ✈s✳ ❘❡♥t✐♥❣ ✐♥ ❉❡tr♦✐t ✐♥ ✶✾✺✵
◮ ❙♦♠❡ ♦❢ ❤✐❣❤❡st ♣r✐❝❡s ❛♥❞ ✇❛❣❡s ✐♥ t❤❡ ♥❛t✐♦♥
◮ ❖✇♥❡rs✿ ❧❛r❣❡ ❞❡❝❧✐♥❡s ✐♥ ❜♦t❤ t❤❡✐r ♣r✐♠❛r② ❛ss❡t ❛s ✇❡❧❧

❛s t❤❡✐r ✇❛❣❡s✦
◮ ❘❡♥t❡rs✿ ✇❛❣❡ ❞❡❝r❡❛s❡s ♣❛rt✐❛❧❧② ♦✛s❡t ❜② r❡♥t ❞❡❝r❡❛s❡s

◮ ❇✉②✐♥❣ ✈s✳ ❘❡♥t✐♥❣ ✐♥ ❙❡❛tt❧❡ ✐♥ ✶✾✽✵
◮ ❙❡❛tt❧❡ ✐♥ ✶✾✽✵ ❤❛❞ ✈❡r② ❧♦✇ ✇❛❣❡s ❛♥❞ r❡♥ts ♣r✐♦r t♦ ❛

♠✉❧t✐✲❞❡❝❛❞❡ ❜♦♦♠
◮ ❖✇♥❡rs✿ ❞r❛♠❛t✐❝ ✐♥❝r❡❛s❡s ✐♥ ❜♦t❤ t❤❡✐r ♣r✐♠❛r② ❛ss❡t ❛s

✇❡❧❧ ❛s t❤❡✐r ✇❛❣❡s✦
◮ ❘❡♥t❡rs✿ ✇❛❣❡ ✐♥❝r❡❛s❡s ♣❛rt✐❛❧❧② ♦✛s❡t ❜② r❡♥t ✐♥❝r❡❛s❡s

◮ ■♥ ❡❛❝❤ ❝❛s❡✱ ♦✇♥✐♥❣ ❞♦✉❜❧❡s ❞♦✇♥ ♦♥ ❧♦❝❛❧✴r❡❣✐♦♥❛❧ r✐s❦✱
✇❤✐❧❡ r❡♥t✐♥❣ ❤❡❞❣❡s ✐t



■♥t✉✐t✐♦♥ ♦❢ Pr✐♠❛r② ❘❡s✉❧ts

◮ ❇✉②✐♥❣ ✈s✳ ❘❡♥t✐♥❣ ✐♥ ❉❡tr♦✐t ✐♥ ✶✾✺✵
◮ ❙♦♠❡ ♦❢ ❤✐❣❤❡st ♣r✐❝❡s ❛♥❞ ✇❛❣❡s ✐♥ t❤❡ ♥❛t✐♦♥
◮ ❖✇♥❡rs✿ ❧❛r❣❡ ❞❡❝❧✐♥❡s ✐♥ ❜♦t❤ t❤❡✐r ♣r✐♠❛r② ❛ss❡t ❛s ✇❡❧❧

❛s t❤❡✐r ✇❛❣❡s✦
◮ ❘❡♥t❡rs✿ ✇❛❣❡ ❞❡❝r❡❛s❡s ♣❛rt✐❛❧❧② ♦✛s❡t ❜② r❡♥t ❞❡❝r❡❛s❡s

◮ ❇✉②✐♥❣ ✈s✳ ❘❡♥t✐♥❣ ✐♥ ❙❡❛tt❧❡ ✐♥ ✶✾✽✵
◮ ❙❡❛tt❧❡ ✐♥ ✶✾✽✵ ❤❛❞ ✈❡r② ❧♦✇ ✇❛❣❡s ❛♥❞ r❡♥ts ♣r✐♦r t♦ ❛

♠✉❧t✐✲❞❡❝❛❞❡ ❜♦♦♠
◮ ❖✇♥❡rs✿ ❞r❛♠❛t✐❝ ✐♥❝r❡❛s❡s ✐♥ ❜♦t❤ t❤❡✐r ♣r✐♠❛r② ❛ss❡t ❛s

✇❡❧❧ ❛s t❤❡✐r ✇❛❣❡s✦
◮ ❘❡♥t❡rs✿ ✇❛❣❡ ✐♥❝r❡❛s❡s ♣❛rt✐❛❧❧② ♦✛s❡t ❜② r❡♥t ✐♥❝r❡❛s❡s

◮ ■♥ ❡❛❝❤ ❝❛s❡✱ ♦✇♥✐♥❣ ❞♦✉❜❧❡s ❞♦✇♥ ♦♥ ❧♦❝❛❧✴r❡❣✐♦♥❛❧ r✐s❦✱
✇❤✐❧❡ r❡♥t✐♥❣ ❤❡❞❣❡s ✐t



■♥t✉✐t✐♦♥ ♦❢ Pr✐♠❛r② ❘❡s✉❧ts

◮ ❇✉②✐♥❣ ✈s✳ ❘❡♥t✐♥❣ ✐♥ ❉❡tr♦✐t ✐♥ ✶✾✺✵
◮ ❙♦♠❡ ♦❢ ❤✐❣❤❡st ♣r✐❝❡s ❛♥❞ ✇❛❣❡s ✐♥ t❤❡ ♥❛t✐♦♥
◮ ❖✇♥❡rs✿ ❧❛r❣❡ ❞❡❝❧✐♥❡s ✐♥ ❜♦t❤ t❤❡✐r ♣r✐♠❛r② ❛ss❡t ❛s ✇❡❧❧

❛s t❤❡✐r ✇❛❣❡s✦
◮ ❘❡♥t❡rs✿ ✇❛❣❡ ❞❡❝r❡❛s❡s ♣❛rt✐❛❧❧② ♦✛s❡t ❜② r❡♥t ❞❡❝r❡❛s❡s

◮ ❇✉②✐♥❣ ✈s✳ ❘❡♥t✐♥❣ ✐♥ ❙❡❛tt❧❡ ✐♥ ✶✾✽✵
◮ ❙❡❛tt❧❡ ✐♥ ✶✾✽✵ ❤❛❞ ✈❡r② ❧♦✇ ✇❛❣❡s ❛♥❞ r❡♥ts ♣r✐♦r t♦ ❛

♠✉❧t✐✲❞❡❝❛❞❡ ❜♦♦♠
◮ ❖✇♥❡rs✿ ❞r❛♠❛t✐❝ ✐♥❝r❡❛s❡s ✐♥ ❜♦t❤ t❤❡✐r ♣r✐♠❛r② ❛ss❡t ❛s

✇❡❧❧ ❛s t❤❡✐r ✇❛❣❡s✦
◮ ❘❡♥t❡rs✿ ✇❛❣❡ ✐♥❝r❡❛s❡s ♣❛rt✐❛❧❧② ♦✛s❡t ❜② r❡♥t ✐♥❝r❡❛s❡s

◮ ■♥ ❡❛❝❤ ❝❛s❡✱ ♦✇♥✐♥❣ ❞♦✉❜❧❡s ❞♦✇♥ ♦♥ ❧♦❝❛❧✴r❡❣✐♦♥❛❧ r✐s❦✱
✇❤✐❧❡ r❡♥t✐♥❣ ❤❡❞❣❡s ✐t



❖✉t❧✐♥❡

✶✳ ❚❤❡♦r②✿ ❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

✷✳ ❉❛t❛✿ ❲❛❣❡s✱ r❡♥ts✱ ✫ ❤♦✉s❡ ♣r✐❝❡s

✸✳ ❲❡❧❢❛r❡✿ ❈♦sts ♦❢ r✐s❦ ❡①♣♦s✉r❡s

✹✳ P♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s



❊✈♦❧✉t✐♦♥ ♦❢ ✇❛❣❡s✱ r❡♥ts✱ ❛♥❞ ❤♦✉s❡ ♣r✐❝❡s

◮ ❲❛❣❡s ❞♦♠✐♥❛♥t ❞❡t❡r♠✐♥❛♥t ♦❢ ✐♥❝♦♠❡ ❢♦r ♠♦st ❍❍s✱
❡s♣❡❝✐❛❧❧② ♦✈❡r ❧✐❢❡✲❝②❝❧❡

◮ ●♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥✿ ❙✉♠♠❛r✐③❡ ❡✈♦❧✉t✐♦♥ ♦❢ (Y ,R ,P) ✐♥
❧♦❝❛❧ ♠❛r❦❡ts t❤r♦✉❣❤♦✉t t❤❡ ❯❙ ♦✈❡r ❤♦r✐③♦♥s ♦❢ ✉♣ t♦
✼✵ ②❡❛rs

◮ ❈❛✈❡❛ts✿
◮ ❉♦❡s♥✬t ❞✐st✐♥❣✉✐s❤ r✐s❦ ❢r♦♠ ♣r❡❞✐❝t❛❜❧❡ ❝❤❛♥❣❡s ✭❢♦r

♥♦✇❀ ✇❡ ✉s❡ ❱❆❘ ✐♥ ❧✐❢❡✲❝②❝❧❡ ♠♦❞❡❧ ✐♥ ❛♣♣❡♥❞✐①✮
◮ ▲❡ss ♦❢ ❛♥ ✐ss✉❡ ♦✈❡r ❧♦♥❣ ❤♦r✐③♦♥ ✭❡✳❣✳✱ ♠♦♠❡♥t✉♠ s♠❛❧❧

♦✈❡r ✷✵ ②❡❛rs✮
◮ ■❣♥♦r❡s ✇✐t❤✐♥✲♠❛r❦❡t r✐s❦ ✭❧❛r❣❡ ❢♦r ❤♦✉s❡ ♣r✐❝❡s✮



❉❛t❛

◮ ▼❛✐♥ ❞❛t❛✿ ✇❛❣❡s✱ r❡♥ts✱ ❤♦✉s❡ ♣r✐❝❡s ❢r♦♠ ❉❡❝❡♥♥✐❛❧
❈❡♥s✉s ■P❯▼❙✱ ✶✾✹✵✕✷✵✶✵
◮ ▲♦♥❣ ❝♦✈❡r❛❣❡✱ r❡♥t ❞❛t❛
◮ ●♦♦❞ ♠❛t❝❤ t♦ ❋❍❋❆✱ ❈♦r❡❧♦❣✐❝✱ ❩✐❧❧♦✇ ❞✉r✐♥❣ ♦✈❡r❧❛♣s

◮ ●❡♦❣r❛♣❤✐❝ ✉♥✐ts✿ ❝♦♠♠✉t✐♥❣ ③♦♥❡s ✭❈❩s✮
◮ ❈❩s✿ ❣r♦✉♣s ♦❢ ❝♦✉♥t✐❡s ♠❡❛♥t t♦ ❛♣♣r♦①✐♠❛t❡ ❧❛❜♦r

♠❛r❦❡ts❀ s✐♠✐❧❛r t♦ ▼❙❆s ❜✉t ❝♦♥s✐st❡♥t ♦✈❡r t✐♠❡

◮ ▼♦st❧② ❡①♣❡♥❞✐t✉r❡s ✭P ① ◗✮✱ ♥♦t ♣r✐❝❡s
◮ ❲❡ ♣r♦❥❡❝t ♦✛ ❛❣❡ ❛♥❞ s✐③❡ ❡✛❡❝ts
◮ ❊✳❣✳✱ ✏✇❛❣❡✑ ❂ r❡s✐❞✉❛❧✐③❡❞ s❛❧❛r② ♦❢ ❢✉❧❧✲t✐♠❡ ✇♦r❦❡rs
◮ ❇❡tt❡r✲♠❡❛s✉r❡❞❀ ❦❡② qs ❧✐❦❡❧② ❡✈♦❧✈❡ s❧♦✇❧②



❙✉❜st❛♥t✐❛❧ ❆♠♦✉♥ts ♦❢ ❘✐s❦



❘❡♥t ✈s✳ ✇❛❣❡ ❣r♦✇t❤✿ ❉❡❝❛❞❡s ✕ ❛❧❧ ✈❛r✐❛t✐♦♥
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βWLS = 0.62 (0.03); R2 = 0.41 
βOLS = 0.85 (0.01); R2 = 0.65 

1940 - 2010: 10-year growth rate (real $)
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βWLS = 1.01 (0.05); R2 = 0.35 
βOLS = 1.52 (0.02); R2 = 0.59 

1940 - 2010: 10-year growth rate (real $)
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βWLS = 1.33 (0.04); R2 = 0.44 
βOLS = 1.18 (0.03); R2 = 0.39 

(relative to national change)
1940 - 2010: 10-year growth rate (real $)
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βWLS = 1.93 (0.16); R2 = 0.34 
βOLS = 1.64 (0.05); R2 = 0.29 

(relative to national change)
1940 - 2010: 10-year growth rate (real $)
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βWLS = 1.34 (0.13); R2 = 0.45 
βOLS = 1.26 (0.04); R2 = 0.54 

1940 - 2010: 70-year growth rate (real $)
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βWLS = 1.18 (0.06); R2 = 0.50 
βOLS = 1.17 (0.03); R2 = 0.47 

(relative to aggregate growth)
1940 - 2010: 30-year growth rate
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βWLS = 1.52 (0.17); R2 = 0.32 
βOLS = 1.42 (0.05); R2 = 0.28 

(relative to aggregate growth)
1940 - 2010: 30-year growth rate
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βWLS = 0.15 (0.02); R2 = 0.37 
βOLS = 0.18 (0.01); R2 = 0.46 

(relative to aggregate difference)
1940 - 2010: 70-year difference (real $)
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βWLS = 8.85 (1.45); R2 = 0.48 
βOLS = 5.98 (0.45); R2 = 0.32 

(relative to aggregate difference)
1940 - 2010: 70-year difference (real $)



❈♦rr❡❧❛t✐♦♥ ✇✐t❤ ✇❛❣❡ r✐s❦



❍❡t❡r♦❣❡♥❡✐t② ❆❝r♦ss ❈♦✉♥t✐❡s✴❈❩s

◮ ❯♥s✉r♣r✐s✐♥❣❧②✱ ❧♦❝❛t✐♦♥s ✇✐t❤ ♠♦r❡ ✐♥❡❧❛st✐❝ ❤♦✉s✐♥❣
s✉♣♣❧② t❡♥❞ t♦ ❤❛✈❡ st❡❡♣❡r ♣r✐❝❡✲✇❛❣❡ r❡❧❛t✐♦♥s❤✐♣s✿

◮ ❙❛✐③ ❣❡♦❣r❛♣❤✐❝ ❧❛♥❞ ❝♦♥str❛✐♥ts ✐♥❞❡①

◮ ❲❤❛rt♦♥ ❘❡s✐❞❡♥t✐❛❧ ▲❛♥❞ ❯s❡ ❘❡❣✉❧❛t✐♦♥ ■♥❞❡①

◮ ●✉r❡♥✴▼❝❑❛②✴◆❛❦❛♠✉r❛✴❙t❡✐♥ss♦♥ ❤♦♠❡ ♣r✐❝❡ ✈♦❧❛t✐❧✐t②



P❛tt❡r♥s ❛r❡ ❍✐❣❤❧② ❘♦❜✉st

◮ P❡r✐♦❞✿ ❡①❝❧✉❞❡ ●r❡❛t ❘❡❝❡ss✐♦♥✱ ♣♦st✲✇❛r ❜♦♦♠✱ ❡t❝✳

◮ ▼❛r❦❡t ❞❡✜♥✐t✐♦♥✿ ❈❩s✱ ❝♦✉♥t✐❡s✱ ▼❙❆s

◮ ▼✐❣r❛t✐♦♥ ✫ ❝♦♠♣♦s✐t✐♦♥✿ ❞r♦♣ ♠♦✈❡rs✱ ❝♦♥tr♦❧ ❢♦r ∆♣♦♣

◮ ❑❡② ✈❛r✐❛❜❧❡s✿ t♦t❛❧ ❢❛♠✐❧② ✐♥❝♦♠❡✱ ❣r♦ss r❡♥ts❀
✉♥❛❞❥✉st❡❞ ✈❛❧✉❡s❀ ❞✐str✐❜✉t✐♦♥ ✭♣✷✺✱ ♣✺✵✱ µ✱ ♣✼✺✮

◮ ▼❛r❦❡t s❡❣♠❡♥t❛t✐♦♥✿ r❡str✐❝t t♦ ♠♦❞❛❧ ✺✲r♦♦♠ ❤♦♠❡s

◮ ❙✉r✈❡② r❡s♣♦♥s❡s✿ tr❛♥s❛❝t✐♦♥ ♣r✐❝❡s ❢r♦♠ ❩✐❧❧♦✇✱ ❋❍❋❆

◮ ✏P❧❛❝❡❜♦s✑✿ ♥♦♠✐♥❛❧ ✈❛r✐❛❜❧❡s t❤❛t s❤♦✉❧❞ ♥♦t ✈❛r② ❛s
str♦♥❣❧② ✇✐t❤ ❧♦❝❛❧ ❞❡♠❛♥❞✿ ❙♦❝✐❛❧ ❙❡❝✉r✐t② ✫ ✉t✐❧✐t✐❡s



✏P❧❛❝❡❜♦✑✿ ❙❙ ✐♥❝♦♠❡ ✈s✳ ✇❛❣❡ ✭♣♦♦❧❡❞ ❞❡❝❛❞❡s✮
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(relative to national change)
1970 - 2010: 10-year growth rate (real $)



✏P❧❛❝❡❜♦✑✿ ❊❧❡❝tr✐❝✐t② ❝♦st ✈s✳ ✇❛❣❡
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1970 - 2010: 10-year growth rate (real $)



✏P❧❛❝❡❜♦✑✿ ❲❛t❡r ✈s✳ ❲❛❣❡
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βWLS = 0.03 (0.01); R2 = 0.03 
βOLS = 0.06 (0.00); R2 = 0.07 

(relative to aggregate growth)
1970 - 2010: 10-year growth rate



❆♥♥✉❛❧ ❉❛t❛ ●❡♥❡r❛t✐♥❣ Pr♦❝❡ss❄

→ ❯s❡ ❛♥♥✉❛❧ ❇▲❙ ❞❛t❛ ❢♦r (Y ,R) ❛♥❞ ❙❤✐❧❧❡r✬s ❍P■ ❢♦r P

◮ ▼❛✐♥ ✜♥❞✐♥❣s

✶✳ ❍✐❣❤ ❝♦rr❡❧❛t✐♦♥s (R ,P ,Y ) ❛❧s♦ ❛t ❛♥♥✉❛❧ ❢r❡q✉❡♥❝②
◮ Cov(R ,Y ) s✐♠✐❧❛r ❛t ❛❧❧ ❤♦r✐③♦♥s
◮ Cov(P ,Y ) ✏❛tt❡♥✉❛t❡❞✑ ♦✈❡r s❤♦rt ❤♦r✐③♦♥✱ ❧❛r❣❡r ♦✈❡r

❧♦♥❣❡r ❤♦r✐③♦♥
◮ Cov(P ,Y ) ❛❧s♦ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ s❛♠♣❧❡ ♣❡r✐♦❞

✷✳ ❘❡❧❛t✐♦♥ s✐♠✐❧❛r ✐♥ ❇▲❙ ❛♥❞ ❈❡♥s✉s ❞❛t❛
◮ ❚♦ ❝♦♠♣❛r❡ ✶✵✲②❡❛r ❝❤❛♥❣❡s✱ ✇❡ ❡st✐♠❛t❡ ❛♥♥✉❛❧

❱❆❘✭✷✮ ❛♥❞ s✐♠✉❧❛t❡ ✶✵✲②❡❛r ❝❤❛♥❣❡s ❢♦r ✺✵✵ ❧♦❝❛t✐♦♥s



❘❡♥t ✈s✳ ✇❛❣❡ ✲ ❆♥♥✉❛❧ ✭❇▲❙✮
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βOLS = 0.84 (0.08); R2 = 0.67 

1980 - 2017: National 1-year growth rate (real $)



❊♠♣✐r✐❝❛❧ ❋✐♥❞✐♥❣s ❛♥❞ ■♠♣❧✐❝❛t✐♦♥s✿ ❙✉♠♠❛r②

❋✐♥❞✐♥❣s✿

◮ Cov(w ,R), Cov(w ,P) ≫ ✵ ❛♥❞ V (P) ≫ V (w) ≫ V (R)

◮ ❑❡② r♦❧❡ ♦❢ ❛❝r♦ss✲❧♦❝❛t✐♦♥ ❤❡t❡r♦❣❡♥❡✐t②✱ ✶✾✹✵✕✷✵✶✵ ∆s✿
∆w ∈ [$✶✺k , $✺✺k], ∆R ∈ [$✷k , $✾k], ∆P ∈ [$✺✵k , $✸✺✵k]

■♠♣❧✐❝❛t✐♦♥s✿

◮ ❋♦r t②♣✐❝❛❧ ✇♦r❦✐♥❣ ❍❍✱ ♦✇♥✐♥❣ ✐s r✐s❦✐❡r t❤❛♥ ❜❡❧✐❡✈❡❞
◮ ❘❡♥t r✐s❦ ❧✐❦❡❧② r❡❞✉❝❡s t♦t❛❧ r✐s❦✿ βols

Y→R > ✶/✷
◮ ❍♦✉s❡ ♣r✐❝❡ r✐s❦ s✉❜st❛♥t✐❛❧ ✭❡✈❡♥ ❈❩ ♠❡❞✐❛♥s✮ ❛♥❞

❤✐❣❤❧② ❝♦rr✬❞ ✇✐t❤ ✇❛❣❡s
◮ ❖✇♥✐♥❣ ❡❧✐♠✐♥❛t❡s r❡♥t r✐s❦ ❤❡❞❣❡✱ ↑ ❡①♣♦s✉r❡ t♦ ✇❛❣❡s



❖✉t❧✐♥❡

✶✳ ❚❤❡♦r②✿ ❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

✷✳ ❉❛t❛✿ ❲❛❣❡s✱ r❡♥ts✱ ✫ ❤♦✉s❡ ♣r✐❝❡s

✸✳ ❲❡❧❢❛r❡✿ ❈♦sts ♦❢ r✐s❦ ❡①♣♦s✉r❡s

✹✳ P♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s



◗✉❛♥t✐❢② ✇❡❧❢❛r❡ ❡✛❡❝ts

❍♦✇ ❜✐❣ ♦❢ ❛ ❞❡❛❧ ✐s t❤✐s❄ ❲❤❛t ✇♦✉❧❞ t❤❡ ❲❚P ♦❢ ❛ ❍❍ ❜❡
t♦ s✇✐t❝❤ ❢r♦♠ ❧✐❢❡t✐♠❡ ♦✇♥✐♥❣ t♦ r❡♥t✐♥❣❄

◮ ❲❡ ❞♦ s✐♠♣❧❡ ✇❡❧❢❛r❡ ❝❛❧❝✉❧❛t✐♦♥ ❤❡r❡ ✭❞②♥❛♠✐❝ ♠♦❞❡❧ ✐♥
❛♣♣❡♥❞✐① ②✐❡❧❞s s✐♠✐❧❛r r❡s✉❧ts✮

❈♦♠♣❡♥s❛t✐♥❣ ✈❛r✐❛t✐♦♥ CV ❂ ❲❚P t♦ ❡❧✐♠✐♥❛t❡ ❛❧❧ ♦❢ t❤❡
r✐s❦ ❍❍ ❢❛❝❡s ✭✐♥ ✐♥❝♦♠❡ ❛s ✇❡❧❧ ❛s ✐♥ ❤♦✉s✐♥❣ ❝♦sts✮✱

v✵

(

E (Y − H)− CV
)

= E [v✵ (Y − H)]

◮ H ✐s ❤♦✉s✐♥❣ ❝♦st
◮ R ❢♦r r❡♥t❡r
◮ P✵ − P

pv
T + PV ✭❝❛rr②✐♥❣ ❝♦sts✮ ❢♦r ♦✇♥❡r

◮ Y − H ✐s ♥♦♥✲❤♦✉s✐♥❣ ❝♦♥s✉♠♣t✐♦♥ C ✭✐✳❡✳✱ ♥❡t ✐♥❝♦♠❡✮



◗✉❛♥t✐❢② ✇❡❧❢❛r❡ ❡✛❡❝ts

❍♦✇ ❜✐❣ ♦❢ ❛ ❞❡❛❧ ✐s t❤✐s❄ ❲❤❛t ✇♦✉❧❞ t❤❡ ❲❚P ♦❢ ❛ ❍❍ ❜❡
t♦ s✇✐t❝❤ ❢r♦♠ ❧✐❢❡t✐♠❡ ♦✇♥✐♥❣ t♦ r❡♥t✐♥❣❄

◮ ❲❡ ❞♦ s✐♠♣❧❡ ✇❡❧❢❛r❡ ❝❛❧❝✉❧❛t✐♦♥ ❤❡r❡ ✭❞②♥❛♠✐❝ ♠♦❞❡❧ ✐♥
❛♣♣❡♥❞✐① ②✐❡❧❞s s✐♠✐❧❛r r❡s✉❧ts✮

❈♦♠♣❡♥s❛t✐♥❣ ✈❛r✐❛t✐♦♥ CV ❂ ❲❚P t♦ ❡❧✐♠✐♥❛t❡ ❛❧❧ ♦❢ t❤❡
r✐s❦ ❍❍ ❢❛❝❡s ✭✐♥ ✐♥❝♦♠❡ ❛s ✇❡❧❧ ❛s ✐♥ ❤♦✉s✐♥❣ ❝♦sts✮✱

v✵

(

E (Y − H)− CV
)

= E [v✵ (Y − H)]

◮ H ✐s ❤♦✉s✐♥❣ ❝♦st
◮ R ❢♦r r❡♥t❡r
◮ P✵ − P

pv
T + PV ✭❝❛rr②✐♥❣ ❝♦sts✮ ❢♦r ♦✇♥❡r

◮ Y − H ✐s ♥♦♥✲❤♦✉s✐♥❣ ❝♦♥s✉♠♣t✐♦♥ C ✭✐✳❡✳✱ ♥❡t ✐♥❝♦♠❡✮



▼♦❞❡❧

❚r❛♥s♣❛r❡♥t✱ ❢♦❝✉s ♦♥ r♦❧❡ ♦❢ ❤♦✉s✐♥❣ ❝♦st ❛♥❞ ✇❛❣❡ r✐s❦

◮ ❋r✐❝t✐♦♥❧❡ss ♠♦❞❡❧ ❢♦r ♥♦✇ ✭♥♦ ❝r❡❞✐t ❝♦♥str❛✐♥ts✮

◮ ❖♥❡✲t✐♠❡ r❡s♦❧✉t✐♦♥ ♦❢ ✉♥❝❡rt❛✐♥t② ✭✐♥ t❂✶✮

→ ❖♥❧② ✉♥❝❡rt❛✐♥t② ❛❝r♦ss ❧♦❝❛t✐♦♥s
◮ ◆♦ ❛❣❣r❡❣❛t❡ r✐s❦
◮ ◆♦ ✐❞✐♦s②♥❝r❛t✐❝ ✇✐t❤✐♥✲❧♦❝❛t✐♦♥ r✐s❦

◮ ◆♦♥✲♣❛r❛♠❡tr✐❝✱ ✉s✐♥❣ ♦❜s❡r✈❡❞ r❡❧❛t✐✈❡ ❣r♦✇t❤ ❛❝r♦ss
❈❩s ❢r♦♠ ✶✾✹✵✲✷✵✶✵

◮ ❍♦✉s❡❤♦❧❞ ❡✐t❤❡r ♦✇♥s ♦r r❡♥ts ❢♦r ✼✵ ②❡❛rs

◮ ❯t✐❧✐t② ✐s ❈❘❘❆ ♦✈❡r ♥♦♥✲❤♦✉s✐♥❣ ❝♦♥s✉♠♣t✐♦♥



❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ ❧✐❢❡t✐♠❡ P❱s

◮ T = ✼✵ ②❡❛r ❤♦r✐③♦♥✱ r = ✸%

◮ ❙t❛rt ❢r♦♠ s❛♠❡ ❧♦❝❛t✐♦♥ ✐♥ t = ✵
◮ ▼❡❞✐❛♥ ✐♥❝♦♠❡ ❤♦✉s❡❤♦❧❞ ✐♥ ✷✵✶✽
◮ ❖❜t❛✐♥ ❤♦♠❡ ✈❛❧✉❡ ❢♦r ♠❡❞✐❛♥ ❍❍
◮ ❘❡♥t ✉s✐♥❣ ♣r✐❝❡✲r❡♥t r❛t✐♦ ❂ ✶✶ ✭❲✐❧❧❡♥ ❡t ❛❧ ✭✷✵✶✾✮✮
◮ ❉r❛✇ ✼✵✲②❡❛r ✭Y ,R ,P✮ ❢r♦♠ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥

◮ ❋✉❧❧✲t✐♠❡ ✇❛❣❡ ❢r♦♠ ❛❣❡ ✷✺ t♦ ✻✹ ✭❤❛❧❢ ✐♥ r❡t✐r❡♠❡♥t✮

◮ ❆♥♥✉❛❧ ❝❛rr②✐♥❣ ❝♦sts ✭✐♥ ✪ ♦❢ ❤♦♠❡ ♣r✐❝❡✮
◮ ♠❛✐♥t❡♥❛♥❝❡ ❝♦st✿ ✶✳✼✪
◮ ♣r♦♣❡rt② t❛①❡s✿ ✷✳✵✪

◮ ❈♦♥s✉♠♣t✐♦♥ ✢♦♦r ❛t ✶st ♣❡r❝❡♥t✐❧❡ ♦❢ C ❞✐str✐❜✉t✐♦♥



❙t♦❝❤❛st✐❝ ♣r♦❝❡ss❡s



❈❡rt❛✐♥t② ❡q✉✐✈❛❧❡♥ts ✐♥ st❛t✐❝ ♠♦❞❡❧

◮ ❊①✲♣♦st✱ ❛❢t❡r ♣r✐❝❡s ❛r❡ r❡✈❡❛❧❡❞✱ ❤♦✉s❡❤♦❧❞ s♦❧✈❡s

max v✵ =
T
∑

t=✶

(✶+ r)−t
u(Ct)

s✳t✳ C ≤ Y − H

◮ Crent = Y − R
◮ Cown = Y − P✵ + P

pv
T + PV (❝❛rr②✐♥❣ ❝♦sts)

◮ ❈❡rt❛✐♥t② ❡q✉✐✈❛❧❡♥t✿ ❲✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❛t t = ✵ t♦
❡❧✐♠✐♥❛t❡ ❛❧❧ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

CV = E [C ]− E
[

C (ω)✶−σ
]✶/(✶−σ)



◗✉❛♥t✐❢② ✇❡❧❢❛r❡ ❡✛❡❝ts



◗✉❛♥t✐❢② ✇❡❧❢❛r❡ ❡✛❡❝ts



❖✉t❧✐♥❡

✶✳ ❚❤❡♦r②✿ ❍♦✉s✐♥❣ ❡①♣♦s✉r❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ r✐s❦

✷✳ ❉❛t❛✿ ❲❛❣❡s✱ r❡♥ts✱ ✫ ❤♦✉s❡ ♣r✐❝❡s

✸✳ ❲❡❧❢❛r❡✿ ❈♦sts ♦❢ r✐s❦ ❡①♣♦s✉r❡s

✹✳ P♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s



❚❤✐♥❣s ❲❡ ❛r❡ ❲♦r❦✐♥❣ ♦♥✳✳✳

◮ ❍❡t❡r♦❣❡♥❡✐t② ❛❝r♦ss ❤♦✉s❡❤♦❧❞s✿ ❊①♣♦s✉r❡ t♦ ❧♦❝❛❧ ✇❛❣❡s
✭r❡❧❛t✐✈❡ t♦ ❤♦✉s✐♥❣✮

◮ ◆♦♥✲✇♦r❦❡rs ✭❡✳❣✳✱ r❡t✐r❡❡s✮✿ ■❞❡❛❧ ❤♦✉s✐♥❣ ❡①♣♦s✉r❡ ❂ ✵

◮ ✏P♦✇❡r ❝♦✉♣❧❡s✑✿ ■❞❡❛❧ ❂ r❡♥t + s❡❧❧ r❡♥t ✐♥s✉r❛♥❝❡

◮ ❊①t❡♥t t♦ ✇❤✐❝❤ ♦✇♥ ✇❛❣❡ ❝♦✈❛r✐❡s ✇✐t❤ ❧♦❝❛❧ ✇❛❣❡s

◮ ❍❡t❡r♦❣❡♥❡✐t② ❛❝r♦ss ❧♦❝❛t✐♦♥s

◮ ❍♦✉s✐♥❣ s✉♣♣❧② ❡❧❛st✐❝✐t②
◮ ↓ ❡❧❛st✐❝✐t② ⇒ ↑ r❡❧❛t✐✈❡ r✐s❦ ♦❢ ♦✇♥✐♥❣

◮ ▲❛❜♦r ❞❡♠❛♥❞✿ ✐♥❞✉str② ❝♦♥❝❡♥tr❛t✐♦♥✴❝♦rr✳ ✫ ✈♦❧❛t✐❧✐t②
◮ ↑ r✐s❦ ⇒ ↑ ❜❡♥✳ t♦ ✇♦r❦❡rs ♦❢ r❡♥t✐♥❣✱ r❡t✐r❡❡s ♦❢ ❘▼



P♦❧✐❝② ■♠♣❧✐❝❛t✐♦♥s

◮ ❆r❡ ♣❡♦♣❧❡ ♠❛❦✐♥❣ ♠✐st❛❦❡♥ ♦✇♥✴r❡♥t ❝❤♦✐❝❡s❄
◮ ✼✶✪ ♦❢ ❯❙ ❍❍s ❜❡❧✐❡✈❡ ❤♦✉s✐♥❣ ✐s ❛ ✏s❛❢❡✑ ✐♥✈❡st♠❡♥t
◮ ❖✇♥✴r❡♥t ❞❡❝✐s✐♦♥s ✫ ✐♥t❡♥t✐♦♥s str♦♥❣❧② ❝♦rr❡❧❛t❡❞ ✇✐t❤

♣❡r❝❡♣t✐♦♥s ♦❢ ❤♦✉s❡ ♣r✐❝❡ r✐s❦ ✭❆❞❡❧✐♥♦ ❡t ❛❧ ✷✵✶✽✮

◮ ❙✉❝❤ ♠✐st❛❦❡s ❝♦✉❧❞ ❣r❡❛t❧② ✐♥❝r❡❛s❡ ❡✣❝✐❡♥❝② ❝♦sts ♦❢✿
◮ ❍♦♠❡♦✇♥❡rs❤✐♣ s✉❜s✐❞✐❡s
◮ ❇✉✐❧❞✐♥❣ r❡str✐❝t✐♦♥s ✭✐♥❝r❡❛s❡ r❡❧❛t✐✈❡ r✐s❦ ♦❢ ♦✇♥✐♥❣✮

◮ ■♥ t❤❡ ♣❛♣❡r✱ ✇❡ q✉❛♥t✐❢② t❤❡✿
◮ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❞❡❛❞✇❡✐❣❤t ❧♦ss ♦❢ ❤♦✉s✐♥❣ s✉❜s✐❞✐❡s

✭✜rst✲♦r❞❡r ❡✛❡❝t✦✮
◮ ❝♦st ❢r♦♠ ♠✐s♣❡r❝❡✐✈✐♥❣ r✐s❦ ✭❡❣✳ ✐❣♥♦r✐♥❣ Cov(Y ,H)✮



❍♦✉s✐♥❣ ❛s ❛♥ ❆ss❡t ❈❧❛ss

◮ ❆♥❛❧♦❣♦✉s t♦ ✐♥✈❡st✐♥❣ ✐♥ ❡q✉✐t② ♠❛r❦❡ts
◮ ❇✉②✐♥❣ ❡q✉✐t✐❡s ✐s ❛ ❣♦♦❞ ✐♥✈❡st♠❡♥t✦
◮ ❇✉t ❤♦✉s❡❤♦❧❞s ❛r❡ ❝♦♠♠♦♥❧② ❛❞✈✐s❡❞ t♦ ❛✈♦✐❞ ✐♥✈❡st✐♥❣

✐♥ t❤❡✐r ❡♠♣❧♦②❡r✬s st♦❝❦
◮ ▼♦r❡ ❧✐❦❡❧② s❤♦✉❧❞ s❤♦rt ❡♠♣❧♦②❡r ❛♥❞ ✐♥✈❡st ✐♥ ❜r♦❛❞

r❛♥❣❡ ♦❢ ❡q✉✐t②

→ ❘❡❛❧ ❡st❛t❡ ♠❛② st✐❧❧ ❜❡ ❛ ❞❡s✐r❛❜❧❡ ✐♥✈❡st♠❡♥t✦

→ ❇✉t ❧✐❦❡❧② ♦♣t✐♠❛❧ t♦ ❤♦❧❞ ❞✐✈❡rs❡ ♣♦rt❢♦❧✐♦ ♦r
❝♦♥❝❡♥tr❛t❡❞ ♣♦s✐t✐♦♥ ✐♥ ❧♦❝❛t✐♦♥ ✇✐t❤
✉♥❝♦rr❡❧❛t❡❞✴♥❡❣❛t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ❜✉s✐♥❡ss ❝②❝❧❡



❈♦♥❝❧✉s✐♦♥

◮ ❊✈♦❧✉t✐♦♥ ♦❢ ✇❛❣❡s✱ r❡♥ts✱ ❤♦✉s❡ ♣r✐❝❡s ✶✾✹✵✕✷✵✶✵

◮ ❍♦✉s✐♥❣ ♣✬s ❝♦✈❛r② str♦♥❣❧② ✇✐t❤ ✇❛❣❡s ♦✈❡r ❛❧❧ ❤♦r✐③♦♥s

◮ ■♠♣♦rt❛♥t r♦❧❡ ♦❢ ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝ ❝❤❛♥❣❡s

◮ ❙✉❣❣❡sts ❧❛r❣❡ ❧♦❝❛t✐♦♥✲s♣❡❝✐✜❝ ❧❛❜♦r ❞❡♠❛♥❞ s❤♦❝❦s

◮ ❑❡② ❢❛❝t♦r ❢♦r ♦✇♥ ✈s✳ r❡♥t r✐s❦✿ ❡①♣♦s✉r❡ t♦ ❧♦❝❛❧ ✇❛❣❡s

◮ ❋♦r ♠❛♥② ❍❍s✱ ♦✇♥✐♥❣ r✐s❦✐❡r t❤❛♥ r❡♥t✐♥❣ ✭∼✶✲✷✪ ♦❢ C ✮

◮ ▼❛❥♦r ❝❛✈❡❛t t♦ ❝♦♠♠♦♥❧②✲❝✐t❡❞ ❜❡♥❡✜ts ♦❢ ♦✇♥✐♥❣

◮ ❊①❛❝❡r❜❛t❡s s❡✈❡r❛❧ ♣♦❧✐❝② ❞✐st♦rt✐♦♥s

◮ ❍❍s ♠❛❦❡ ♣♦t❡♥t✐❛❧❧② s✐③❛❜❧❡ ♠✐st❛❦❡ ❜② ♠✐s♣❡r❝❡✐✈✐♥❣
❝♦rr❡❧❛t✐♦♥



❙♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠

◮ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ♦❝❝✉♣✐❡❞ ❝✐t✐❡s ♠✉st ❜❡ ❡q✉❛❧❧② ❛ttr❛❝t✐✈❡

◮ ❍✐❣❤❡r ✇❛❣❡s ↔ ❤✐❣❤❡r ❝♦st✲♦❢✲❧✐✈✐♥❣ ✭❝❡t❡r✐s ♣❛r✐❜✉s✮

◮ ❇❡tt❡r ❛♠❡♥✐t✐❡s ↔ ❧♦✇❡r r❡❛❧ ✇❛❣❡ ✭❝❡t❡r✐s ♣❛r✐❜✉s✮

◮ ❋❡❛t✉r❡s ♦❢ s♣❛t✐❛❧ ❡q✉✐❧✐❜r✐✉♠

◮ ❊s♣❡❝✐❛❧❧② ♣♦✇❡r❢✉❧ ❛t ❧✐❢❡ ❝②❝❧❡✲r❡❧❡✈❛♥t ❤♦r✐③♦♥s

◮ ❉♦❡s ♥♦t r❡q✉✐r❡ ♣❡r❢❡❝t ♠♦❜✐❧✐t②✱ ❡t❝✳



❘♦❜❛❝❦ ✶✾✽✷

→ Pr♦❞✳ s❤♦❝❦✿ Cov(w ,R) > ✵✳ ∆❆♠❡♥✐t②✿ Cov(w ,R) < ✵
→ ❉❛t❛ s✉❣❣❡st✐✈❡ ♦❢ ❧❛❜♦r ❞❡♠❛♥❞ r✐s❦ ✭✐❡✳ ♣r♦❞✉❝t✐✈✐t②
s❤♦❝❦s✮ ≫ ❛♠❡♥✐t② r✐s❦ ❝❛s❡



▲✐❢❡t✐♠❡ P❱s ✇✐t❤✐♥ ❧♦❝❛t✐♦♥
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